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Abstract 

We consider the nonstationary linearized Navier-Stokes equations in a bounded 
domain and first we prove a Carleman estimate with a regular weight function. 
Second we apply the Carleman estimate to a lateral Cauchy problem for the 
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Navier-Stokes equations and prove the Holder stability in determining the velocity 
and pressure field in an interior domain. 


1 Introduction 

Let C M”, n = 2, 3, be a bounded domain with smooth boundary <9^2 (e.g., of CLclass), 
and let v = be the outward unit normal vector on dQ at x. We set Q := Qx (0, T). 

We consider the linearized Navier-Stokes equations for an incompressible viscous 
fluid: 

dtv{x,t) — KAv{x,t) + {A-'\/)v + {v + '\/p = F{x,t) in Q, (1.1) 

and 

divn(a;,f) = 0 in Q. (1.2) 

Here v = (ui,--- ,n„)^, n = 2,3, denotes the transpose of matrices, «: > 0 is a 
constant describing the viscosity, and for simplicity we assume that the density is one. 
Let a, = |, a, = ,1-, 1 < i < n, A = ^ = (Ow-,dnf, V,,, = (V,a,)^, 

af = af-.. ■ af" with’a = (a, ■■■,/?„)€ (n u {o})Mai = ft + •■■ + ft, 

( n n \ ^ 

WjdjVi, ■■■ ,Y J 

j=l j=l / 

for n = (ui, • • • , Vn)^ and w = {wi, • • • , Wn)'^- Throughout this paper, we assume 

VBeL°°{Q). (1.3) 

In this paper, we establish a Carleman estimate with a regular weight function and 
apply it to a lateral Cauchy problem for the Navier-Stokes equations and prove the 
Hblder stability in an arbitrarily given interior domain. For stating the main results, 
we introduce notations. Let be the n x n identity matrix and let the stress tensor 
<j{v,p) be dehned by the n x n matrix 

a{v, p) := niyv + (Vn)'^) - 

where k is some positive constant. We assume 

deC^A), |Vd(x)|>0 onH (1.4) 
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and we arbitrarily choose to G (0,T) and (3 > 0. We set 

tpix, t) = d{x) — I5{t — toY, ip{x, t) = 

with a snfficiently fixed large constant A > 0. We choose a non-empty relatively open 
snbbonndary F C dfl arbitrarily. 

Let D C Q be a bonnded domain with smooth bonndary dQ snch that D fl (SAl x (0, T)) C 
r X (0,T). 

For k,i eNU {0}, we set 

= {n e L2(D); afn e L‘^{D), |/3| < k, d^v G L‘^{D) 0 < j < £} 


and 


II(^,P)IP 


Xs{D) 




-I- iVnP -I- s^lnP -I- -iVpP -I- sIpP ^ e^^'^dxdt. 
s 


We are ready to state onr Carleman estimate. 

Theorem 1. 

There exist constants so > 0 and C > 0, independent of s, such that 


\\iv,p)\\xs{D)<C / |F|V*^dxdt + C' / {\h\^+ \V^^th\^)e^^‘^dxdt 


ID 


'D 


+C'e^"(||n 


+ 


+ \\a{v,p)iy\ 


L2(0,T;n'2(r)) " " L^(0,T;H^ (F)) " ' ’^ " L^(0,T;H^ (F)) 

for all s > sq and {v,p) G x satisfying (1-1), 


) (1-5) 


divv = h in D with h G 


and 


v{-, 0) = n(-, T) = 0 in Al, 

\v\ = |Vn| = IpI = 0 on dD \ (F x (0,T)). 


( 1 . 6 ) 


This is a Carleman estimate for the linearized Navier-Stokes eqnations (1.1) with 
(1.2) with bonndary data on F C dQ. 

Bonlakia [2] proves a Carleman estimate with a weight fnnction similar to onrs for 
the homogeneons Stokes eqnations: dtv = Av — Vp and divn = 0 with extra interior 
or bonndary data. The Carleman estimate in [2] reqnires a stronger norm of bonndary 
data than onr Carleman estimate if it is applied to the case of the Stokes eqnations. 
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As for other Carleman estimates for the Navier-Stokes equations, we refer to Choulli, 
Imanuvilov, Fuel and Yamamoto [3], Fernandez-Cara, Guerrero, Imanuvilov and Fuel 
|6], where the authors use a weight function in the form 


exp 


f 2sw(x) ^ 


with some function w and the weight function decays to 0 at t = 0, T exponentially. 
Their Carleman estimates hold over the whole domain Q for v satisfying n = 0 on df2 but 
not necessarily n(-,0) = v{-,T) = 0. Those global Carleman estimate is convenient for 
proving the Lipschitz stability for an inverse source problem (e.g., [3]) and the exact null 
controllability ([B]), but is not suitable for proving the unique continuation, and such 
a weight function does not admit Carleman estimates for the Navier-Stokes equations 
coupled with hrst-order equation or hyperbolic equation such as a conservation law. As 
for Carleman estimates for the Navier-Stokes equations, see also Fan, Di Cristo, Jiang 
and Nakamura |1] and Fan, Jiang and Nakamura |5] with extra data in a neighborhood of 
the whole boundary, which is too much by considering the parabolicity of the equations. 


2 Proof of Theorem 1 


First Step. 

Let E C M” be a bounded domain with smooth boundary dE and let E^ '.= {x ^ 
E] dist (x, E) > J} with small J > 0. 

We prove 
Lemma 1. 

Let p e H^{E) satisfy 

n 

= h + ^ 

i=i 

and suppp C Es- Let do G C‘^{E) satisfy do{x) > 0 for x & E and |V(J(a;)| > 0 for 
X ^ Es- We set <po(x) = with large constant A > 0. Then there exist constants 

C > 0 and si > 0 such that 


j + e^^^°^^^dx <C j 



l/o 


n 


i=i 


Q2sM^)dx 


for all s > Si- The constants C and Si are independent of choices of p. 

Proof. Since dE is of C^-class, we choose a function p G C^{E) such that 0 < /i < 1, 
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/i > 0 in i? and /i = 


0 , 

1 , 


in 


in E, 


\E, 


. We set dQ{x) = jj{x)do{x) and ipo{x) = 


( 5/2 • 


for X G -E. Then do{x) = 0 for x G dE and do > 0, iVdol = |/iV(io + f^oV/i| = |/^V(io| > 0 
in Es- Hence the //“^-Carleman estimate for an elliptic operator by Imanvilov and Fuel 
[9] yields 


IE 


|Vpp + s|pn e2^^°(^)dx < C 


I I 

IE \S 


i=i 


for all s > si- Here we note that in Theorem 1.2 in [9], we set u = E \ Es and use 
p\i^ = 0. Since p = 0 in i? \ and do = do in Es, we complete the proof of Lemma 1. 


Lemma 2. 

There exist constants Sq > 0 and C > 0 such that 

\\{v,p)\\l^^Q) <C [ |F| V^^dxdf + C [ (|h|2 + \V.,th\‘^)e‘^^^dxdt (2.1) 

Jq Jq 

for all s > Sq and {v,p) G x satisfying (1.1), 


x(-, 0) = x(-, T) = 0 inVt, 

|x| = |Vx| = IpI = 0 in dVL x (0,r), 


and 


divv = h in Q 


with some h G 

Proof of Lemma 2. Thanks to the large parameter s > 0, in view of (1.3), it is 
sufficient to prove Lemma 1 for H = 0 in (1.1). In fact, the Carleman estimate with 
B ^ 0 follows from the case of H = 0 by replacing F by F — [v ■ 'V)B and estimating 
|(F — (x ■ V)H)(x, t)\ < \F{x, t)| + C|x(x, t)\ for (x, t) G Q. Then, choosing sq > 0 large, 
we can absorb the term Jg \v\‘^e‘^^‘^dxdt into the left-hand side of the Carleman estimate. 

By the density argument, it is sufficient to prove the lemma for {v,p) such that 
suppx and suppp are compact in Q. We consider 


dtv = kAv — {A ■ V)x — Vp -I- F 


( 2 . 2 ) 


and 


divx = h in Q. 


(2.3) 
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Taking the divergence of (2.2) and using (2.3), we obtain 

n 

Ap = — ^ {dj{{dkAj)vk) — {djdkAj)vk} + divF — dth — {A ■ V)h + Kdiv (Vh) in Q. 

j,k=l 

(2.4) 

Here we used 

n n / n \ n 

div {{A ■ V)n) = ^ dk{AjdjVk) = dkVk I + 

j,k=l j=l \k=l / j,k=l 

n 

= A ■ V(divn) + ^ {dj((dkAj)vk) - (djdkAj)vk}. (2.5) 

j,k=l 

Moreover on the right-hand side of (2.4), the term ^div (Vh) is not in L‘^{Q) because we 
assume only h G Thus we cannot apply a usual Carleman estimate requiring 

Ap G L‘^{Q), and we need the //“^-Carleman estimate. 

By a usual density argument, we can assume that supp p C Q. By supp p C Q, 
hxing t G [0,T], we apply Lemma 1 to (2.4) and obtain 

J ^“|Vp(x,f)|^ -I- s\p{x,t)\‘^'^ 

<C [ {\F\‘^ + \dth\^ + \Vh\^ + + C [ (2.6) 

Jn Jn 

for s > Si where Si > 0 is a sufficiently large constant. 

Let So := Then, s > sq implies 

> ^e-A/3T2 > 


for 0 < t < T, so that for hxed t G [0,T] by replacing s by se by (2.5) we can 


see 


that is. 


■|Vp(a;, f)|^ -I- s|p(a:, t)pj exp(2(se *°^^)p{x,to))dx 

<C I {\F\^+ \dth\^ + I Vh|2 + Ihp) exp(2(se-^^(*-*°)')(p(a;, to))dx 

Jn 

+C [ |n(a;, f)|^ exp(2(se“'^^*'*“*°^^)(p(a;, fo))ha;, 


-|Vp(a;, f)P -I- s|p(a;, f)P ) 
In \s 
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<C [ {\F\^+ \dth\^+ \Vh\^+ \h\^)e^^^^^'^^dx + c f 
Jq Jq 

for s > So and 0 < t < T. Integrating this ineqnality in t over (0, T), we have 

J + s|pp^ e^^'^dxdt 


<C [ (|F|2 + \dth\^ + |Vh|2 + \h\‘^)e^^‘^dxdt + C [ \v\^e^^^dxdt (2.7) 
Jq Jq 

for all s > So- 

Next, regarding F — Vp in (2.2) as non-homogeneous term, we apply a Carleman 
estimate for the parabolic operator dtV — KAv + {A-'V)v (e.g.. Theorem 3.1 in Yamamoto 
[21]) to (2.2): 


1 

s 




\dtv\^ + X] 


*j=i 


+ slVnr + s'^lvl 


e^^'^dxdt 


<C f -|Vp|V"^dxdt + C' [ -iFl^e^^^dxdt. 
JqS JqS 

Snbstitnting (2.7) into (2.8), we obtain 


( 2 . 8 ) 



*,j = l 


+ |Vnp + s^|n 



e^^'^dxdt 


<C [ \F\^e^^^dxdt + C [ {\dth\^+ \Vh\^+ \h\^)e^^^dxdt 
Jq Jq 

+C [ \v\‘^e‘^^^dxdt+- [ \F\^e^^^dxdt. 

Jq ^ Jq 


Choosing sq > 0 large, we can absorb the third term on the right-hand side into the 
left-hand side, again with (2.7), we complete the proof of Lemma 2. ■ 


Second Step. 

Withont loss of generality, we can assnme that d > 0 in hi because we replace d by 
d -|- Co with large constant Cq > 0 if necessary. 

In this step, we will prove 
Lemma 3. 

There exist constants sq > 0 and C > 0 such that 

Wiv,p)\\liD) 
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<(7 / \F\^e^^^dxdt + C / {\h\^ + \V^,th\^)e^^^dxdt 

Jd Jd 

+Ce^^{\\v\\^ 3 + ||i9tf|P 1 + 1 + IIpIP 1 ; 

"L2(0,T;H2(r)) " "L2(0,r;_H'^(r)) " "L2(0,T;//2(r)) " " L'^{0,T]H^ {V))' 

for all s > So and {v,p) G x satisfying (1.1), (1-6) and 


divv = h in D. 


(2.9) 


Proof of Lemma 3. We take the zero extensions of v,p, A,F to Q from D and by the 
same letters we denote them; 

V on D, I p on D, 

n = < P = \ 

0 in Q \ L*, [^0 in Q\ D, etc. 

By (1.6) we easily see that 


diV on D, dtv on D, 

OiV = < OtV = < 

0 in Q \ H, I 0 in Q \ hi, 


didjV = 


didjV, 


on D, 
in Q\D, 


and 


dip = 


diP, on D, 


0, in Q \ hi 

for 1 < i, j < n. Moreover, since n = 0 on dD \ (B x (0,T)) by (1.6), setting 
h on D, 

h = { , we see that h G F[^’^{Q) and 

0 in Q \ hi 

divn = h in Q 


( 2 . 10 ) 


and 


dtV = kAv + {A ■ V)n + Vp + F in Q. 


( 2 . 11 ) 


By the Sobolev extension theorem, there exist p G L^(0, T; H^{Q)) and v G 
such that 

/ _ _ _ 

V = V, dyV = dyV, p = p on d^l x (0, T), 

supp v{x, •) C (0, T) for almost all x G fl 


( 2 . 12 ) 


l'^llH2a(Q) + \\dtv\\L^(^o^T-,m{n)) + \\p\\L^{o,T-,m{n)) 


and 



— ^(11^11^2(0,T;Hi(r)) L‘^{0,T;H^ (r)) ~*~ II L2(0,r;_f/i (F)) ~*~ H^H L2(0,T;iF ^ (F)) ^ ‘ 

The last condition in (2.12) can be seen by v(-, 0) = f(-, T) = 0 in hi which follows from 

( 1 . 6 ). 

We set 

u = V — V, q = p — p inQ. 


Then, in view of (2.10) - (2.12), we have 


u\ = |Vm| = |?| = 0 on dQ x (0,T) 


(2.14) 


and 


dtu — kAu + Vg + {A ■ V)u = F — [dtv — kAv + {A ■ V)v + Vp) =: G in Q, (2.15) 

divM = /i-divTeff^’^(Q). (2.16) 

We choose a bounded domain hi with smooth boundary dQ such that hi D hi, 
T = dQ n n and <911 fl hi = dQ \ T. In other words, the domain hi is constructed by 
expanding fl only over T to the exterior such that the boundary dQ is smooth. We set 

Q = hx (0,T). 

Let us recall that d satisfies (1.4). Since we can further choose hi such that hi \ hi 
is included in a sufficiently small ball, we see that there exists an extension d in hi of d 
satisfying |Vd| > 0 in hi. 

We take the zero extensions of u, g. A, G and h — div T to f2 and by the same letters 
we denote them. Therefore by (2.14) - (2.16), the zero extensions of u and h — divT 
satishes 

divM =/i - divT e id^’^(Q) (2.17) 

and 

dtU — kAu+ Vq + {A ■V)u = G inQ. (2.18) 

By the zero extensions and (1.6), we obtain 

u{-, 0) = m(-, T) = 0 in n, 

|m| = |Vm| = |g| = 0 on Oil x (0,T). (2.19) 

Therefore, by noting (2.19), we apply Lemma 2 to (2.17) and (2.18), and we obtain 

IIK?)II^.(q) L \G\^e^''^dxdt 

^ Q 
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+C l{\h — divup + \'Vx,t{h — divv)\'^)e'^^'^dxdt 

Jq 

for s > Sq. Hence 

\\{v - V,P - p)\\%^(^Q^ 

<C f \F?e^^^dxdt 


+C / \dtv — kAv + (H ■ V)n + V^'^e^^'^dxdt 


+C I I |/ip + |Va;,t/ip + |Vnp + ^ Ididjv]"^ + \V{dtv)\‘^ j e^'^'^dxdt. 

ij=l 


'Q 


Using \dtv\‘^ < 2\dtv\‘^ + 2\dt{v — n)p, etc. on the left-hand side, we have 
II(up)II^4q)<2|I(up)||^,(q) 


+2C 

[ \F\^e^^^dxdt 



Jq 


+2C 

/ \dtv — kAv -|- (H ■ V)n -I- V^^e^^'^dxdt 


Jq 

/ 


+2C 

[ |hp + |V.,thp + |VFp 

+ ^ \didjv\‘^ 


J Q 

ij=l 

<c 1 

f \F\^e^^^dxdt 


J 

Q 


-FCe‘^^(||n| ^2.i(Q) 1 bl fl'i.o(Q) + 

W^dMhiQ)) 


1 (|/ip + \Vx,th\^)e^^‘^dxdt 

Q 



for s > Sq. Since F and h are zero outside of D, in view of (2.13), the proof of Lemma 
3 is completed. ■ 


Third Step. 

For r > 0 and Xq G M”, we set Br{xo) := {x G M"; \x — Xo| < r}. Then we prove 

Lemma 4. 

Let V G iL^(r 2 ) and p G iL^(r 2 ). 

(1) Case n = 3.- For any Xq G dfl, there exist r > 0 and a 10x10 matrix A G C^{Br{xQ)) 
such that 

dVt n Br{xo) = {x( 0 i, 62)', (6*1, 62) G Hi} 
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where x{di,d 2 ) = ixi{Oi, 02 ), ^ 2 ( 01 , 62 ), XsiOi, O 2 )) e C is a hounded domain 

and the functions xi, X 2 , X 3 with respect to 9i, 6*2 are in C'^(Di) and 


det A(^x{9i, 62 )) 7 ^ 0 , (^ 1 ,^ 2 ) ^ Di 


and 


( 


A{x{9^M)) 


\ 


(V.t;i)(x( 0 i, 02 )) ^ 
(V,t^ 2 )(x( 01 , 02 )) 
(V,t;3)(x(0i,02)) 
p{x{9x,92)) j 


( 


\ 


^ B^P2{^2{a{9x,92))) 
V0i,e2(?J3(3;(6'i,6»2))) 

{a{v,p)v){x{9x,92)) 
{divv)[x[9x,92)) j 


( 01 ,^ 2 ) eDi. 


(2) Case n = 2 ; For any xq G t/iere exist r > 0 and a 5 x 5 matrix A G (^^(^^(xo)) 
such that 

dnnBrixo) = {x{ 9 i); 6»i G Ji} 


where x{9i) := (xi(di), X2(di)) G Ji C M zs an open interval, and the functions Xi, X 2 
are in C^(/i), and 

det A{x{9i)) 7^ 0 , G h 


and 


( 


A{x{9f)) 


\ 


(V,ri)(x(di)) ^ 
(V,i^ 2 )(a;(di)) 
p{x{9i)) 


/ 


\ 


Jr^ 2 (a;( 6 'i)) 
{a{v,p)u){x{9i)) 
{divv){x{9i)) j 


G Ji. 


Remark. The lemma guarantees that the boundary data {v,dyV,p) and {y,a{y,p)y) 

are equivalent (e.g., Imanuvilov and Yamamoto lEl). As related papers on inverse 
boundary value problems for the Navier-Stokes equations in view of this equivalence, 
see Imanuvilov and Yamamoto [m, Lai, Uhlmann and Wang Ha- 
Proof of Lemma 4. We prove only in the case of n = 3. The case of n = 2 is similar 
and simpler. It is sufficient to consider only on a sufficiently small subboundary Tq of clfl. 
Without loss of generality, we can assume that Tq is represented by by (xi, X 2 , 7 (xi, X 2 )) 
where 7 G C'^(Di), ffi = xi, 6*2 = X2, X3 = 7(xi,X2) for (xi,X2) G Di. Moreover we 
assume that is located upper X 3 = 7 (xi, X 2 ). 

By the density argument, we can assume that v G and p G (7(12). 
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We set 7 i; = di'y and 72 := 82 '^■ On Fq, we have 


z/(a;) = 


1 + 7 ? + ll 


By the dehnition, we have 

^ 291^1 - f dxV2 + 92^1 dxvz + dsvi 
a{v,p)iy = K 5 ^t ;2 + 52 ni 292 ^ 2-7 '92'i^3 + 53'y2 

^1^3 + ^3^1 a2t'3 + dsV 2 2(93^3 - f 


We farther set 


Then 


that is, 


g4 := (divn)(a;i,a;2,7(xi,X2)), 

gk{xi,X 2 ) := Vk{xi,X 2 ,j{xi,X 2 )), k = 1,2,3. 


diQk = diVk + li{d‘iVk){xi,X 2 ,'^{xi,X 2 )), 

d2gk = d2Vk + 'y2{d3Vk){xi,X2,j{xi,X2)), 

) 

diVk{xi,X 2 n{xi,X 2 )) = digk - 7 i(' 93 ^^fc)(a:i, X2,7(2^1,2:2)), 
d 2 Vk{xi,X 2 ,'y{xi,X 2 )) = d 2 gk - 72{d3Vk){xi,X2,'y{xi,X2)), k = 1,2,3, 


( 2 . 20 ) 


( 2 . 21 ) 


( 2 . 22 ) 


{d3V3){xi,X2,'y{xi,X2)) = g4 - (^i^’i + '92^^2)(a:i,a;2,7(xi,a;2)) 


for {xi,X 2 ) G Di. Setting 


hi{xi,X 2 ) = {d3Vi){xi,X2,'^{xi,X2)), 
h 2 {Xi,X 2 ) = {d3V2){Xi,X2,'^{Xi,X2)), 


by (2.22) and (2.23) we obtain 


(2.23) 


(2.24) 


{d3V3){xi,X2,^{xi,X2)) = qA- {divi + i92n2)(xi,a;2, 7 ( 3 : 1 , 0 : 2 )) 
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= (^4 - <91^1 - d 2 g 2 ){ Xi , X 2 ) + {jldsVi + 72^3 ^2) (xi, Xa, 7(0:1, Xs)) 

=:^o(a^i,a: 2 ) + ( 71 ^ 3 ^'! + 7253 ^^ 2 )(xi, Xa, 7 ( 2 ^ 1 , 2 : 2 )) 


= (go + 71^1 + 72/^2) (X1,X2) 


(2.25) 


and so 


((9iXi)(xi,X2,7(xi,X 2)) = (^Ifi-i - 7i^i)(a^i, 2 : 2 , 7 ( 2 ^ 1 , 3 ^ 2 )), 
(<92Xi)(xi,X2,7(xi,X 2)) = (^afi'i - 72/ii)(a^i, 2 : 2 , 7 ( 2 ^ 1 , 3 ^ 2 )), 
(<9iX2)(Xi,X2,7(Xi,X 2)) = (515-2 “ 7i^2) (xi, X 2 ,7(xi, Xa) ), 
(52X2)(Xi,X2,7(Xi,X2)) = (^ 2^2 “ 72 /^ 2 ) (Xl, X 2 , 7(xi, X 2 ) ) , 
(5iX3)(xi,X2,7(xi,X2)) = 5i53 - 71^0 “ 7i^i - 7172 /^ 2 , 
(52X3)(Xi,X2,7(Xi,X2)) = ^253 - 725'0 - 7172^1 -7i^2, (Xi,X 2 )eL>i. 

On the other hand, (2.21) yields 

1 + 7i + 72 


(2.26) 


K 

„2 


qi = (27i5iXi + 725iX2+ 72^2X1 - 5iX 3 - 53Xi)(xi,X2,7(a^i, 2 : 2 ))- P, 

K 


1 Ti 72 72 

-g 2 = (7i5iX2 + 72 ^ 2 X 1 + 272 ^ 2 X 2 - 52 X 3 - 53X2)(Xi, Xa, 7 ( 3 ^ 1 , 2 : 2 ))- P 

K 


K 


and 

l + 7f + 7l 


K. 


qs = (7i5iX3+7i53Xi+7252X3+7253X2-253X3)(xi,X2,7(xi,X2))H- P, (xi,X2) G Di. 




Substitute (2.25) and (2.26), we have 


= -(1 + 7? + 7|)A. -^P + Gi, 
= _(i + ^2 + _ Sp + G„ 

1+7?+ 77 " „ _ 


(2.27) 


Qs = -7i(l + 7? + 7l)^i - 72(1 + 7? + 71)^2 + Ip + G 3 . 


Here Gk, k = 1,2,3, are linear combinations of 5^5-^,, gi, ga, ^ 3 , ^ 4 , i = 1,2,/c = 1,2,3, 
with coefficients given by 7 and its hrst-order derivatives. We can uniquely solve (2.27) 
with respect to hi,h 2 ,p: 


\ 


hl(Xi,X2) 

h2(x2,X2) 
y p(xi,X2,7(xi,X2)) J 


( l±7!±^g, _ \ 


= H(xi,X2) 


K 

1+7?+7? 

K 

v 2 I ^,2 


1+71+72 

K 


q2 — G 2 

qs — G 3 J 


{xi,X 2 )eDi. (2.28) 
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Here A E C^(Di) and det H 7 ^ 0 on Bi. The equations (2.25), (2.26) and (2.28) imply 
the existence of a 10 x 10 matrix A E C^(Di) satisfying the conditions in the lemma. 
Thus the proof of Lemma 4 is completed. ■ 


Now, in terms of Lemmata 3 and 4, we complete the proof of Theorem 1 as follows. 
We consider only the case of n = 3. Without loss of generality, T is given by T = 
{(xi,X2,7(xi,X 2)); Xi,X 2 E T>i} with 7 e C^(Bi). 

We set Vxi,x 2 X = (^I'^i, ^ 2 'i^ 3 )^- Then, by Lemmata 2 and 3, we 

have 


dyV{xi,X2,^{xi,X2)) 
p(Xi,X 2 , 7 ( 2 ^ 1 , 3 : 2 )) 

{V x^,X2v){xi,X2,-i{xi,X2)) 

(cr(n,p)z2)(xi,X2,7(2^1,3^2)) 


Y77^((9i7)ain + (^ 27 )^ 2 ^ - d^v){xi,X 2 ,'y{xi,X 2 )) 


= Bi[Xi,X 2 ) 
with a 4 X 6 matrix Bi E C^{Di). Therefore 


p(xi,a; 2 , 7 (xi,a; 2 )) 
, {Xi,X 2 )EDi, 


\\dvx{-, f)||^i(r) + ||p(-, t)llHi(r) — 


B 


V Xl,X2X 

(j{v,p)iy 


A) 


< C 


and 


\\duv{-,t)\\LHr) < C 


^ xi,X 2 X 


a{v,p)u 


m{r) 


{■A) 


L 2 (r) 


^ Xl,X2X 

a{v,p)iy 


[■A) 


m{r) 


hj B E C^{Di). Consequently the interpolation inequality (e.g.. Theorem 7.7 (p.36) in 
Lions and Magenes ini) yields 




^ Xl,X 2 ^ 

a{v,p)iy 


A) 


H^(r) 


for 0 < f < T. Hence 


L' 2 { 0 ,T;Hh (r)) ’ ^^llL 2 (o,T;r/ 2 (r)) — ^(ll'^ll^^( 0 ,T;Hl(r)) + ll‘^('^’ 7 ’)^ll 2 , 2 ( 0 ,T;H 2 (r))^' 

With this. Lemma 3 completes the proof of Theorem 1. ■ 
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3 Conditional stability for the lateral Cauchy prob¬ 
lem 

In this section, we discuss 

lateral Cauchy problem 

We are given a suboundary T of dfl arbitrarily. Let {v,p) G x satisfy 

(1.1) and (1.2). Determine {v,p) in some subdomain of Q by {v,a{v,p)v) on L x (0,T). 

In the case of the parabolic equation, there are very many works, and here we do 
not list up comprehensively and as restricted references, see Landis [I6], Mizohata [T8] . 
Sant and Scheurer [12], Sogge [20]. See also the monographs Beilina and Klibanov [T], 
Isakov [13], Klibanov and Timonov [Li] . 

Combining a Carleman estimate and a cut-off function, we can prove 

Proposition 1. 

Let p{x,t) be given in Theorem 1. We set 

Q{e) = {(x, f) e D X (0, T); t) > s} 
with £ > 0. Moreover we assume that 

^ c gu(r X [o,T]) 

with subboundary T C dfl. Then for any small e > 0, there exist constants C > 0 and 
9 G (0,1) such that 

IMIh2.i(q(£)) + lbllr/i.o(Q(£)) < C'(II^^II^“m(q) + \\p\\mQ))G^ + CG, 
where we set 


G^ := 


2 

L^{0,T;H^ (T)) 




2 

L^{0,T;Hi (T)) 


+ \\a{v,p)h' 


2 

L2(o,T;ffi(r))' 


As for the proof of Proposition 1, see Theorem 3.2.2 in section 3.2 of na for example. 

Proposition 1 gives an estimate of the solution in Q{e) by data on P x (0,r), and 
Q{b) and P are determined by an a priori given function d{x). Therefore the proposition 
does not give a suitable answer to our lateral Cauchy problem as stated above, where 
we are requested to estimate the solution by data on as a small subboundary P x (0, T) 
as possible. 
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In fact, in this section, we prove 

Theorem 2 (conditional stability) 

Let r C dfl be an arbitrary non-empty subboundary of dQ. For any e > 0 and an 
arbitrary bounded domain flo such that fio C U F, OQq Fl dQ is a non-empty open 
subset of dfl and dflo n dfl ^ F, there exist constants C > 0 and 9 G (0,1) such that 

||'?^||h2.1(Oox(£,T-£)) + |b||r/CO(QQx(£,r-e)) 

— ^(lbl|Hia(Q) + |b||L2(Q)) (||-^||L2(Q) + |b|| + + 

+^(II-^IU2(Q) + (r)) 1^2(0,T;r/^(r)) ^l^{o,T;H^( r))^' 


In Theorem 2, in order to estimate {v,p), we have to assume a priori bounds of 
||n||//i,i((g) and |b|b 2 (Q). Thus estimate (3.1) is called a conditional stability estimate. 
We note that (3.1) is rewritten as 

lbllrr2,i(nox(£,r-£)) + |bllHi.o(nox(£,T-£)) 

—^((Il-^lb2((3) + lbllp2(o,T;iri(r)) -^^^1^2(0,T;r/^(r))^ ^ 

as ||F|b 2 (Q) + |b||^ 2 (o,T;fl'§(r)) ^ Thus the 

estimate indicates stability of Holder type. 

For the homogeneous Stokes equations: 

dtv — Av + Vp = 0, divn = 0 in Q, 

Boulakia [2] (Proposition 2) proved the conditional stability in flo x {^,T — e) on the 
basis of a Carleman estimate in [2]. The norm of boundary data in [2] is stronger than 
our chosen norm. 

The theorem does not directly give an estimate when Hq = ^) but we can derive an 
estimate in H by an argument similar to Theorem 5.2 in Yamamoto [2T] and we do not 
discuss details. Boulakia [2j (Theorem 1) established a conditional stability estimate up 
to dfl by boundary or interior data. The argument is based on the interior estimate in 
Ho X {e,T — e) and an argument similar to Theorem 5.2 in pi] . 

Theorem 2 immediately implies the global uniqueness of the solution: 

Corollary. 

Let F C dfl be an arbitrarily fixed subboundary. If {v,p) G x satisfies 
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(1.1) and (1.2), and v = a{v,p)iy = 0 on F x (0, T), then |o| = a(v,p)iy = 0 inQx{0,T). 

Proof of Theorem 2. Once a relevant Carleman estimate for the Navier-Stokes equa¬ 
tions is proved, the proof is similar to Theorem 5.1 in IZH. Thus, according to Oq and 
T, we have to choose a suitable weight function p. For this, we show 

Lemma 5. 

Let oj be an arbitrarily fixed subdomain of O such that cJ C O. Then there exists a 
function d G (7^(0) such that 

d{x) >0 X G O, d\on = 0, \'Vd{x)\ >0, x G O \ co. 


For the proof, see Fursikov and Imanuvilov [7], Imanuvilov [8], Imanuvilov, Fuel and 
Yamamoto m- 

We choose a bounded domain Oi with smooth boundary such that 

T = dnnni, dn\Tcdni, ( 3 . 2 ) 

and \f2 contains some non-empty open set. We note that is constructed by taking 
a union of 12 and a domain 12 C M"' \ 12 such that 12 fl c212 = F. Choosing cJ C 12i \ 12, 
and applying Lemma 5 to obtain d G C^(12i) satisfying 


d{x) >0, X G 12i, d{x) = 0, X G c212i, |Vd(x)| >0, x G 12. (3.3) 

Then, since 12o C 12i, we can choose sufficiently large Y > 1 such that 

{x G 12i; d{x) > ^|M||c7(n7)} n 12 D 12o. (3.4) 

Moreover we choose sufficiently large /3 > 0 such that 


< llc^llc(TF) < 2/?^^- 


(3.5) 


We arbitrarily £x to G [\/2e, T—\/2e]. We set ip{x, t) = with hxed large parameter 

A > 0 and 'ip{x,t) = d{x) - (3{t - ^o)^ Pk = exp k = 1,2, 3,4, 

and D = {(x,t); x G 12, p{x,f) > pi}. 

Then we can verify that 


12o X 



£ 

7 ^’ 


to + 



D Vt X (2 q — \p2.E, to T \/2£). 


(3.6) 
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In fact, let {x,t) E Qq x — + Then, by (3.4) we have x E fl and 

d{x) > ^||d||c(n 7 ), so that 

d{x) - f3{t - tof > 

that is, ‘f{x,t) > ^ 4 , which implies that {x,t) E D hy the dehnition of D. Next let 
{x,t) E D. Then d{x) — I3{t — fo)^ > ;^IMIIc(oT) “ Therefore 

IMIlcffi) - ^IMIlcffi) + ^ > W - 

Applying (3.5), we have 2 (l - T) M + ^ > l3{t- ^o)^ that 

is, > f3{t — t^Y, which implies that to — \/2e < t < to + \/2e. The verification of 
(3.6) is completed. 

Next we have 


dD C Si U S 2 , 

Si C T X (0,T), S 2 = {(x,t); X Eil, ^{x,t) = fii}. 


(3.7) 


In fact, let {x,t) E dD. Then x eD and v?(a;, f) > ^ 1 . We separately consider the cases 
X eD and x E dfl. First let x E D. If ‘f{x,t) > ni, then (x,t) is an interior point of D, 
which is impossible. Therefore ip{x,t) = /ii, which implies (x, t) G S2. Next let x E dD. 
Let X E dD \ T. Then x E dDi by the third condition in (3.2), and d{x) = 0 by the 
second condition in (3.3). On the other hand, ‘^{x,t) > fj,i yields that 

d{x) - /3{t - tof = -/3{t - toY > ^||d||c(or) “ 

that is, 0 < f3{t — toY < ;^(“IMIIc(or) T which is impossible by (3.5). Therefore 
x G T. By (3.6), we see that 0 < f < T and the verihcation of (3.7) is completed. 

We apply Theorem 1 in D. Henceforth C > 0 denotes generic constants independent 
of s and choices of v,p. We need a cut-off function because we have no data on dD \ 
(T X (0,T)). Let X G C'°°(M”+^) satisfying 0 < y < 1 and 


X{x,t) 


1 , v?(x,t)>^3, 

0, ip{x,t) < 1X2- 


We set y = and q = XP- Then, by (1.1) and (1.2), we have 


(3.8) 


dty - KAy -h (A ■ V)y -h {y ■ V)B + Vq 
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=xF + vdtX — 2kVx • Vt; — k{Ax)v + {A ■ Vx)v + p(Vx) in D 

and 

divy = Vx ■ V in D. 

By (3.7) and (3.8), we see that 

bl = |V|/| = |g| = 0 on Ss. 


Hence Theorem 1 yields 


\\{y.q)\\\(D)<c I 


’D 


+C / |nc)iX — 2 /t;Vx • Vn — K(Ax)n + (H ■ Vx)n + p(Vx)pe^^‘^(ix(it 


'D 


+c / {\Vx-v\^ + \V.,t{Vx-v)\^)e^^‘^dxdt 

J D 


+Ce^^{\\xv\\ 3 +ll^t(xn)|| 1 + lk(xn, xp)z^|| 1 ) (3-9) 

for s > So- We can verify ||xn||// 7 (r) < C'||n||H 7 (r) with 7 = 0,1,2, and for j = \ and 
j = |, the interpolation inequality yields 

\\X'v\\L‘2(0,T;Hi(r)) — ^11 IIL 2 (o,T;iri(F))) II II ^ 2 ^r,-r-. — ^ll^i'^ll 

Therefore, since 


(^{xv, XP)^ = X(^{v,p)i' + K{{dix)vj + {djx)vi)i<ij<ni^, 


we have 


l^(xn, Xp)z^||^ 2 (o,r;ir 2 (r)) — ^ 11 ^ 1 ^ 2 ( 0 ,r;H 2 (r)) 


by X G C°°(M”’''^). Hence 


11 x ^1 


L 2 (o,r;H 2 (r)) 


+ ll^i(xn)|| 


L 2 (o,T;iF^(r)) 


+ \W{XV,XP)^\ 


L 2 (o,r;ir^(r)) 


<C(||n||^ 3 + ||i9tn||^ 1 + ||(T(n,p)i^|p i ) 

~ "L2(0,T;JF2(r)) " "L2(0,T;JF^(r)) " ^ ' " L2(0,T;JF 2 (r))^ 


We recall that 


= ll^lli 2 (Q) + ||n| 


3 + ||i9tn|r 1 + \\a{v,p)v\r i 

L 2 (o,T;H 2 (r)) " "L 2 (o,r;H^(r)) " ^ ' "L 2 (o,r;ir^(r)) 
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The integrands of the second and the third terms on the right-hand side of (3.9) 
do not vanish only if (p{x,t) < /is, because these coefficients include derivatives of y as 
factors and by (3.8) vanish if ip{x, t) > /is. Therefore 


I [the second and the third terms on the right-hand side of (3.9)] | 
^C'(ll'^ll^i.i(Q) + lblli2(Q))e^''^®. 

Consequently (3.9) yields 

\\{y,Q)\\k{D) <C'(lbllHm(Q) + lblli 2 (Q))e 2"^3 + C'e^"G2 Vs > Sq- ( 3 . 10 ) 


By (3.4) and the dehnition of D, we can directly verify that (x, t) G ffoX [to — to + 
implies <p(x,t) > /i 4 . Therefore, noting (3.6) and (3.8), we see that 

\\iy,(l)\\MD) > ||(^^,T)||^,(Oox(to-^,io+^)) 


>g 2 s/i 4 


Vo+7F 




I + + ■s^bT + + 'SbP / dxdt. 

*J =1 


Hence (3.10) yields 


^ 2 s /14 


^*0+7^ 




I + |Vnp -I- -I- -|Vp|^ -I- s|pp dxdt 

*j=i 


^C'(||n||^i.i(Q) -h lbllL2(Q))e^^^® -h Ce^^G"^. 

Therefore 

[ ^ [ I \ ^ bjSjUp I -h |Vnp -h bP + + bP dxdt 

Jto-^ Jno [ V ,,,=1 J 

<Cs^e ^^blbllHri(Q) + lbllL 2 (Q)) + Vs > Sq. 


By sup^^^o"®® '''^6 estimate se by e on the right-hand 

side. Moreover, replacing G by Ge'"^°, we can have 




< C'e-^(A‘4-M3)^||^||2^^ ^ lblli2(Q)) + Ge^^G^ 


gWh^’^q) 

me 
y/N 


for all s > 0. Let m G N satisfy \/2e -|- ^ <T — \/2e < \/2e + < T. 


(3.11) 
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We here notice that the constant C in (3.11) is independent also of to, provided that 
\/2£ ^ to < T — \/2e. In (3.11), taking to = \/2^ + j = 0,1, 2,..., m and summing 
up over j, we have 


< + l|p|li.(0|) + Ce^‘G^ 

for all s > 0. Here we note that T — y/2e < \ple + implies T — \p2e — ^ < 

\ple + Replacing ^\/2 + ^ j e by e, we have 

ll'^llH2a(Oox(£,T-£)) + Ibll H^’0{nox{s,T-e)) 

< + llPlIi^W)) + Ce^'G" (3.12) 

for all s > So. 

First let (7 = 0. Then letting s —)■ cxd in (3.12), we see that |r>| = b| = 0 in 
Ho X {£,T — e), so that the conclusion of Theorem 2 holds true. Next let G ^ 0. First let 
G > \\v\\hi,i(q) + |b|U2(Q). Then (3.12) implies |b||//2,i(f^Qx(£,r-£)) + lblki.o(Oox(£,r-£)) < 
Ce^^G for s > 0, which already proves the theorem. Second let G < ||n||j:/i,i(Q) + 
||p||i2(Q). In order to make the right-hand side of (3.12) smaller, we choose s > 0 such 
that 

+ l|pfy(g,) = 

By (7 7^ 0, we can choose 


(7 -|- /i4 — /i3 


Then (3.12) gives 


bllir2,i(QQx(£,T-£)) + lbllirco(QQx(£,T-£)) — 2C'(||n||jyi,i(Q) -|- |blb2(Q)) ‘^+'"4 


_ 2(m4—M 3 ) 

-R3 G ^+^4-Ai3 . 


The the proof of Theorem 2 is completed. ■ 
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